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The recently deduced normal and anomalous self-energies from photoemission spectra of cuprate
superconductors via machine learning are calling for an explanation. Here the normal and anoma-
lous self-energies in cuprate superconductors are analyzed within the framework of the kinetic-
energy-driven superconductivity. It is shown that the exchanged spin excitations give rise to the
well-pronounced peak-structures in both the normal and anomalous self-energies at all around the
electron Fermi surface except for at the hot spots, where the peak-structures are absent. In par-
ticular, the peak-structure in the normal self-energy is mainly responsible for the peak-dip-hump
structure in the single-particle excitation spectrum, and can persist into the normal-state, while the
sharp peak in the anomalous self-energy gives rise to a crucial contribution to the superconducting
gap, and vanishes in the normal-state. Moreover, the evolution of the peak-structure with doping
and momentum are also analyzed.
PACS numbers: 74.25.Jb, 74.20.Mn, 74.72.-h
The strong electron correlation is foundational
to the emergence of superconductivity in cuprate
superconductors1,2, where the strong interaction of the
electrons with collective bosonic excitations of different
origins results in (i) the energy and lifetime renormaliza-
tion of the electrons in the particle-hole channel to form
the quasiparticles responsible for the anomalous proper-
ties, and (ii) the formation of the electron pairs in the
particle-particle channel responsible for superconductiv-
ity below the superconducting (SC) transition tempera-
ture Tc. This is why the quasiparticles in the SC-state
determined by the electronic structure is intimately re-
lated to the pairing glue forming electron pairs3–7. In
conventional superconductors, the renormalization of the
electrons in the particle-hole channel and the formation
of the electron pairs in the particle-particle channel are
caused by the interaction between the electrons by the
exchange of phonons8–10. Although a significant effort
has been made for the past three decades, what type of
the collective bosonic excitation that can mediate elec-
tron pairing in cuprate superconductors in analogy to
the phonon-mediate pairing mechanism in conventional
superconductors is still debated2–7.
Angle-resolved photoemission spectroscopy (ARPES)
is a direct tool to probe the energy and momentum of
quasiparticles simultaneously3–5, where a quasiparticle
with a long lifetime is observed as a sharp peak in in-
tensity, and a quasiparticle with a short lifetime is ob-
served as a broad peak. However, the energy and life-
time of the quasiparticle in the SC-state are directly de-
scribed by the real and imaginary parts of the total self-
energy3–7 ReΣtot(k, ω) and ImΣtot(k, ω), respectively.
This total self-energy Σtot(k, ω) is a specific combination
of the normal self-energy Σph(k, ω) in the particle-hole
†E-mail address: spfeng@bnu.edu.cn
channel and the anomalous self-energy Σpp(k, ω) in the
particle-particle channel9–12. In other words, only the
total self-energy can be extracted directly from ARPES
experiments, and the only ingredient that needs to ex-
tract the total self-energy is the quasiparticle spectral
density observed by ARPES experiments3–5. However,
for our exploration of the bosonic mode coupling that
is how electron self-energy effects appeared in our the-
oretical analysis, it is crucial to extract the normal and
the anomalous self-energies separately9–12. This follows a
basic fact that although both the normal and anomalous
self-energies are generated by the same electron inter-
action mediated by collective bosonic excitations, they
describe theoretically different parts of the interaction
effects. The normal self-energy Σph(k, ω) describes the
single-particle coherence, and therefore competes with
superconductivity. Moreover, it gives rise to a main con-
tribution to the energy and lifetime renormalization of
the electrons, and then all the anomalous properties of
cuprate superconductors arise from this renormalization
of the electrons13–16. On the other hand, the SC-state
is characterized by the anomalous self-energy Σpp(k, ω),
which is identified as the energy and momentum depen-
dent SC gap in the single-particle excitation spectrum,
and therefore is corresponding to the energy for break-
ing an electron pair9–12. In this case, if both the normal
and anomalous self-energies are deduced from the exper-
imental data, it can be used to examine a microscopic SC
theory and understand the details of the SC-state.
Although both the normal and anomalous self-energies
can not be measured directly from the ARPES exper-
iments, the Boltzmann-machine learning technique has
been applied recently to deduce both the normal and
anomalous self-energies from the experimental data of
the ARPES spectra observed in Bi2Sr2CaCu2O8+δ at the
optimum doping and Bi2Sr2CuO6+δ in the underdoped
regime17, and the deduced results show clearly that both
the normal and anomalous self-energies exhibit the no-
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2table peak-structures, however, these peak-structures do
not appear in the total self-energy. In particular, the
peak in the anomalous self-energy makes a dominant con-
tribution to the SC gap, and therefore provide a decisive
testimony for the origin of superconductivity17. These
normal and anomalous self-energies of cuprate supercon-
ductors revealed by the machine learning approach there-
fore are calling for a systematic analysis. Quite recently,
these deduced normal and anomalous self-energies in Ref.
17 have been analyzed within an effective fermion-boson
theory18, and the result indicates that the pairing elec-
trons is mediated by a soft, near-critical bosonic mode. In
particular, this analysis also shows that if the sharp peaks
in both the normal and anomalous self-energies survive
down to the lowest temperatures, their presence alone im-
poses the strong restrictions on the energy dependence of
a soft pairing boson18. However, the full understanding
of these peak-structures in both normal and anomalous
self-energies is still open for further analyses. In this pa-
per, we make a comparison of the deduced normal and
anomalous self-energies in Ref. 17 with those obtained
based on the kinetic-energy driven SC mechanism19–22,
and then show explicitly that the interaction between
electrons by the exchange of spin excitations generates
the well-pronounced peak-structures in both the nor-
mal and anomalous self-energies at all around the elec-
tron Fermi surface (EFS) except for at around the hot
spots, where the peak-structures are absent, in quali-
tative agreement with the corresponding results in the
normal and anomalous self-energies deduced via machine
learning17. In particular, we show clearly that the peak-
structure in the normal self-energy is mainly responsible
for the famous peak-dip-hump (PDH) structure in the
single-particle excitation spectrum23–27, and can persist
into the normal-state, while the sharp peak in the anoma-
lous self-energy gives rise to a crucial contribution to the
SC gap, and vanish in the normal-state. More specifi-
cally, the peak-structures in both the normal and anoma-
lous self-energies are doping dependent, where in the un-
derdoped regime, the position of the peak in the anoma-
lous self-energy at around the antinode moves to higher
energies with the increase of doping, while the peak in the
normal self-energy at around the [pi, 0] point of the Bril-
louin zone (BZ) moves to lower energies. Furthermore,
the peak-structures also have a striking momentum de-
pendence, with the position of the peak in the normal
self-energy that shifts to lower energies when one moves
the momentum from the antinode to the node.
The following analyses of the normal and anoma-
lous self-energies in cuprate superconductors build on
the kinetic-energy driven superconductivity19–22, which
was established early based on the t-J model in the
charge-spin separation fermion-spin representation. In
this kinetic-energy driven SC mechanism, the interaction
between the charge carriers directly from the kinetic en-
ergy of the t-J model by the exchange of spin excitations
is responsible for the d-wave charge-carrier pairing in the
particle-particle channel, then the d-wave electron pairs
originated from the d-wave charge-carrier pairing state
are due to the charge-spin recombination, and their con-
densation reveals the d-wave SC-state. Moreover, the
renormalization of the electrons in cuprate superconduc-
tors has been investigated recently within the framework
of the kinetic-energy driven superconductivity28–30, and
then the main features of the single-particle excitation
spectrum are well reproduced. In these previous works22,
the single-particle diagonal and off-diagonal propagators
of the t-J model in the SC-state have been obtained in
terms of the full charge-spin recombination, and can be
expressed explicitly as,
G(k, ω) =
1
ω − εk − Σtot(k, ω) , (1a)
=†(k, ω) = Lk(ω)
ω − εk − Σtot(k, ω) , (1b)
where the single-electron band energy εk = −4tγk +
4t′γ′k +µ, with γk = (coskx + cosky)/2, γ
′
k = coskxcosky,
and the chemical potential µ, Lk(ω) = −Σpp(k, ω)/[ω +
εk + Σph(k,−ω)], while the total self-energy Σtot(k, ω)
is a well-known combination of the normal self-energy
Σph(k, ω) and the anomalous self-energy Σpp(k, ω) as,
Σtot(k, ω) = Σph(k, ω) +Wk(ω), (2)
with the additional contribution Wk(ω) below Tc due to
the SC gap opening,
Wk(ω) =
|Σpp(k, ω)|2
ω + εk + Σph(k,−ω) . (3)
In the framework of the kinetic-energy driven supercon-
ductivity, both the normal and anomalous self-energies
Σph(k, ω) and Σpp(k, ω) arise from the interaction be-
tween electrons mediated by spin excitations, and have
been given explicitly in Ref. 22, where the sharp peak
visible for temperature T → 0 in the normal (anoma-
lous) self-energy is actually a δ-functions, broadened by
a small damping used in the numerical calculation at a
finite lattice. The calculation in this paper for the nor-
mal (anomalous) self-energy is performed numerically on
160× 160 lattice in momentum space, with the infinites-
imal i0+ → iΓ replaced by a small damping Γ = 0.1J .
The single-particle spectral function A(k, ω) measured
by ARPES experiments is related directly to the imag-
inary part of the single-particle diagonal propagator in
Eq. (1a) as3–5,
A(k, ω) =
−2ImΣtot(k, ω)
[ω − εk − ReΣtot(k, ω)]2 + [ImΣtot(k, ω)]2 , (4)
where ReΣtot(k, ω) and ImΣtot(k, ω) are the real and
imaginary parts of the total self-energy Σtot(k, ω), re-
spectively. In ARPES experiments3–5, the energy renor-
malization of the electrons in cuprate superconductors
is directly determined by the real part of the total self-
energy, while the lifetime renormalization of the electrons
3is completely governed by the imaginary part of the total
self-energy. This is also why only the total self-energy can
be extracted directly from ARPES experiments. In the
following discussions, the parameters in the t-J model
are chosen as t/J = 3.5 and t′/t = 0.4. However, when
necessary to compare with the experimental data, we
take J = 100 meV, which is the typical value of cuprate
superconductors3–5.
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FIG. 1: (Color online) (a) The electron Fermi surface map and
(b) the single-particle excitation spectrum at the antinode as a
function of energy in δ = 0.15 with T = 0.002J for t/J = 3.5
and t′/t = 0.4, where AN, HS, and ND in (a) denote the
antinode, hot spot, and node, respectively, while the blue
arrow in (b) indicates the position of the dip.
In an interacting electron system, the topology of EFS
plays a crucial role in the understanding of the physi-
cal properties, since everything happens at EFS. In par-
ticular, the strong coupling between the electrons and
spin excitations in cuprate superconductors leads to a
strong redistribution of the spectral weights on EFS28–30,
which cause the normal and anomalous self-energies to
strongly vary with the Fermi angle around EFS. For
a convenience in the following discussions, (a) the un-
derlying EFS map28 and (b) the single-particle excita-
tion spectrum28,29 A(kAN, ω) at the antinode as a func-
tion of energy for doping δ = 0.15 with temperature
T = 0.002J are replotted in Fig. 1. The result in Fig.
1a therefore shows that EFS has been separated into
three characteristic regions due to the strong redistri-
bution of the spectral weight: (a) the antinodal region,
where the spectral weight is suppressed, leading to that
EFS around the antinodal region becomes unobservable
in experiments31–34; (b) the nodal region, where the spec-
tral weight is reduced modestly, leading to that EFS is
truncated to form the disconnected Fermi arcs located
around the nodal region31–34; (c) the hot spot region,
where the renormalization from the quasiparticle scatter-
ing further reduces almost all spectral weight on Fermi
arcs to the tips of the Fermi arcs35–38. In this case, the
spectral intensity exhibits a largest value at around the
tips of the Fermi arcs, and only in this sense, these tips
of the Fermi arcs are called as the hot spots on EFS.
In particular, the Fermi arcs collapse for the number of
lattice sites N → ∞ at T → 0, leading to form the
hot spot liquid. Moreover, these hot spots connected by
the scattering wave vectors qi construct an octet scat-
tering model, which is a basic scattering model in the
explanation of the Fourier transform scanning tunnel-
ing spectroscopy experimental data, and also can give a
consistent description of the regions of the highest joint
density of states detected from ARPES autocorrelation
experiments30,36. On the other hand, the result in Fig.
1b indicates that the characteristic feature in the single-
particle excitation spectrum is the dramatic change in the
spectral line-shape23–27, where a quasiparticle peak de-
velops at the lowest energy, followed by a dip and a hump,
giving rise to the striking PDH structure. All these theo-
retical results are well consistent with the corresponding
results observed from the ARPES experiments.
-3 -2 -1 0
ω/J
-2
0
S
e
lf
-e
n
e
rg
y
(a
rb
. 
u
n
it
s
)
2
4
-4 -0.3
-0.2
-0.1
0
0.1
S
e
lf
-e
n
e
rg
y
(a
rb
. 
u
n
it
s
) 0.2
0.3
(a) (b)
-3 -2 -1 0
ω/J
-0.6
-0.4
-0.2
0
0.2
S
e
lf
-e
n
e
rg
y
(e
V
)
0.4
-0.8
-0.3 -0.2 -0.1 0
ω(eV)
-0.6
-0.4
-0.2
0
0.2
S
e
lf
-e
n
e
rg
y
(e
V
)
0.4
-0.8
(c) (d)
-0.3 -0.2 -0.1 0
ω(eV)
FIG. 2: (Color online) (a) The real (blue line) and imagi-
nary (red line) parts of the normal self-energy and (b) the
real (blue line) and imaginary (red line) parts of the anoma-
lous self-energy at the antinode as a function of energy in
δ = 0.15 with T = 0.002J for t/J = 3.5 and t′/t = 0.4. The
corresponding results of (c) the real and imaginary parts of
the normal self-energy and (d) the real and imaginary parts
of the anomalous self-energy around the antinode as a func-
tion of energy deduced from the ARPES spectra of the op-
timally doped Bi2Sr2CaCu2O8+δ via machine learning taken
from Ref. 17.
We are now ready to analyze the doping and mo-
mentum dependence of the normal and anomalous self-
energies in cuprate superconductors. In Fig. 2, we plot
(a) the real (blue line) and imaginary (red line) parts of
the normal self-energy and (b) the real (blue line) and
imaginary (red line) parts of the anomalous self-energy
at the antinode as a function of energy for δ = 0.15 with
T = 0.002J . For a better comparison, the corresponding
results17 of (c) the real and imaginary parts of the nor-
mal self-energy and (d) the real and imaginary parts of
the anomalous self-energy around the antinode as a func-
tion of energy deduced from the ARPES spectra of the
optimally doped Bi2Sr2CaCu2O8+δ via machine learning
are also shown in Fig. 2. Apparently, the main features
of both the normal and anomalous self-energies deduced
4via machine learning17 are well reproduced, where all
the real and imaginary parts of the normal and anoma-
lous self-energies exhibit the remarkable peak-structures.
Since the strength of the electron pair is directly deter-
mined by the anomalous self-energy, these peaks in both
ReΣpp(kAN, ω) and ImΣpp(kAN, ω) give rise to a crucial
contribution to the SC gap, and therefore are the true
origin of the high Tc in cuprate superconductors
17. On
the other hand, since the single-particle coherence is as-
sociated directly with the normal self-energy, these peaks
in ReΣph(kAN, ω) and ImΣph(kAN, ω) dominate the en-
ergy and lifetime renormalization of the electrons, respec-
tively. In particular, the sharp peak in ImΣpp(kAN, ω)
locates at the same energy ωIm−Th ∼ −70 meV as that
in ImΣph(kAN, ω), which has been confirmed by the de-
duced result of the normal (anomalous) self-energy based
on the machine learning approach17. Moreover, this an-
ticipated peak energy ωIm−Th ∼ −70 meV in the opti-
mal doping is also qualitatively consistent with the corre-
sponding result17 of ωIm−ML ∼ −65 meV deduced in the
optimally doped Bi2Sr2CaCu2O8+δ via machine learning.
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FIG. 3: (Color online) The imaginary part of the total self-
energy at the antinode as a function of energy in δ = 0.15 with
T = 0.002J for t/J = 3.5 and t′/t = 0.4, where the blue arrow
indicates the position of the peak. Inset: the corresponding
experimental result of the optimally doped Bi2Sr2CaCu2O8+δ
taken from Ref. 27.
In the SC-state, although the normal and anomalous
self-energies describe theoretically different parts of the
interaction effects, all of them make the contributions
to the dramatic change in the spectral line-shape of the
single-particle excitation spectrum. To see this point
more clearly, we plot the imaginary part of the total self-
energy ImΣtot(kAN, ω) [then the quasiparticle scattering
rate Γ(kAN, ω) = −ImΣtot(kAN, ω)] at the antinode as a
function of energy for δ = 0.15 with T = 0.002J in Fig.
3 in comparison with the corresponding experimental
result27 found in the optimally doped Bi2Sr2CaCu2O8+δ
around the antinode (inset). It should be noted that
the well-pronounced peak-structure in ImΣtot(kAN, ω) in
Fig. 3 is inconsistent with the corresponding result17 de-
duced from the optimally doped Bi2Sr2CaCu2O8+δ via
machine learning, where although the sharp peaks ap-
pear in both the normal and anomalous self-energies,
they cancel in the imaginary part of the total self-energy
to make the structure apparently invisible. However, this
peak structure in ImΣtot(kAN, ω) in Fig. 3 is very well
consistent with the corresponding experimental result
observed27 in the optimally doped Bi2Sr2CaCu2O8+δ. At
the antinode, ImΣtot(kAN, ω) reaches a sharp peak at the
energy of −70 meV, and then the weight of the peak de-
creases rapidly in both the low-energy and high-energy
ranges. Concomitantly, this theoretical peak-energy of
−70 meV in the optimum doping is also in qualitatively
agreement with the peak energy27 of −62 meV detected
in the optimally doped Bi2Sr2CaCu2O8+δ. More surpris-
edly, the position of this sharp peak in ImΣtot(kAN, ω)
is just corresponding to the position of the dip in the
PDH structure in the single-particle excitation spectrum
shown in Fig. 1b, and therefore the peak-structure
in ImΣtot(kAN, ω) induces an intensity depletion in the
single-particle excitation spectrum around the dip29. In
other words, the peak-structure in ImΣtot(kAN, ω) in Fig.
3 is directly responsible for the famous PDH structure in
the single-particle excitation spectrum shown in Fig. 1b.
Moreover, it has been shown that this peak structure in
ImΣtot(kAN, ω) can persist into the normal-state
29, lead-
ing to that the PDH structure is totally unrelated to
superconductivity.
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FIG. 4: (Color online) The (a) real and (b) imaginary parts
of the anomalous self-energy at the antinode as a function of
energy in δ = 0.06 (black line), δ = 0.09 (blue line), and δ =
0.12 (red line) with T = 0.002J for t/J = 3.5 and t′/t = 0.4.
As a natural consequence of the doped Mott insula-
tors, the normal and anomalous self energies in cuprate
superconductors evolve with doping. In Fig. 4, we plot
the results of the (a) real and (b) imaginary parts of the
anomalous self-energy at the antinode as a function of
energy for δ = 0.06 (black line), δ = 0.09 (blue line),
and δ = 0.12 (red line) with T = 0.002J . It is thus
shown clearly that in the underdoped regime, when the
doping concentration is increased, (i) the peaks in both
ReΣpp(kAN, ω) and ImΣpp(kAN, ω) move to higher en-
ergies, and (ii) the weights of these peaks are increased,
which are nothing, but the SC gap that increases in mag-
nitude with doping in the underdoped regime. Moreover,
the evolution of the imaginary part of the normal self-
energy with doping at around the [pi, 0] point of BZ has
been also investigated29, and results show that in the un-
derdoped regime, the peak in ImΣph(k, ω)|k=[pi,0] shifts
to lower energies with the increase of doping, which leads
to that both the hump and lowest-energy peak in the
5PDH structure of the single-particle excitation spectrum
at around the [pi, 0] point move to lower energies with the
increase of doping, also in qualitative agreement with the
corresponding ARPES experimental results25.
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FIG. 5: (Color online) The real (blue line) and imaginary (red
line) parts of the normal self-energy at the node as a function
of energy in δ = 0.15 with T = 0.002J for t/J = 3.5 and
t′/t = 0.4.
Now we turn to discuss the evolution of the normal and
anomalous self-energies with momentum. In Fig. 5, we
plot the real (blue line) and imaginary (red line) parts of
the normal self-energy at the node as a function of energy
for δ = 0.15 with T = 0.002J . In comparison with the
corresponding result in Fig. 2a for the same set of pa-
rameters except for at the node, it is shown clearly when
one moves the momentum kF from the antinode to the
node, the weights of the peaks in both ReΣph(kND, ω)
and ImΣph(kND, ω) are reduced, while the peaks move
to lower energies. On the other hand, in the kinetic-
energy driven SC mechanism19–22, the characteristic fea-
ture of the d-wave SC-state is the existence of four nodes
on EFS, where the SC gap vanishes Σpp(kND, ω) = 0.
Moreover, it has been found in the previous studies that
the peak structures in both the normal and anomalous
self-energies disappear at around the hot spots, where
Σph(kHS, ω) and Σpp(kHS, ω) have the anomalously small
values, reflecting a fact that the coupling strength of the
electrons to spin excitations is quite weak39.
At the temperature above Tc, the electrons are in a
normal-state, where the SC gap Σpp(k, ω) = 0. However,
the peak structure in the normal self-energy can persist
into the normal-state. To see this point more clearly, we
plot the results of the real (blue line) and imaginary (red
line) parts of the normal self-energy at (a) the antinode
and (b) the node as a function of energy for δ = 0.15
with T = 0.15J in Fig. 6. In comparison with the corre-
sponding results in Fig. 2a and Fig. 5 for the same set of
parameters except for in the normal-state (T = 0.15J),
one can find that although the weights of the peaks are
suppressed with the increase of temperatures, the posi-
tions of these peaks in the normal-state do not change
much from the corresponding case in the SC-state. This
is why some characteristic features in the single-particle
excitation spectrum of cuprate superconductors arising
from the renormalization of the electrons can be detected
from experiments in both the SC-state and normal-state.
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FIG. 6: (Color online) The real (blue line) and imaginary
(red line) parts of the normal self-energy at (a) the antinode
and (b) the node as a function of energy in δ = 0.15 with
T = 0.15J for t/J = 3.5 and t′/t = 0.4.
To examine a microscopic SC theory, it should be to
compare the normal and anomalous self-energies rather
than the total self-energy. In the kinetic-energy driven
SC mechanism19–22, the exchanged spin excitations give
rise to the peak-structures both in the normal self-energy
Σph(k, ω) and anomalous self-energy Σpp(k, ω). The
qualitative agreement between the peak-structures in the
normal and anomalous self-energies obtained based on
the kinetic-energy driven superconductivity and those
deduced from the ARPES spectra of cuprate supercon-
ductors via machine learning17 therefore shows why the
theory of the kinetic-energy driven superconductivity can
give a consistent description of the renormalization of the
electrons in cuprate superconductors.
In conclusion, we have compared the results of the
normal and anomalous self-energies deduced from the
ARPES spectra of cuprate superconductors via machine
learning with these obtained based on the kinetic-energy
driven superconductivity, and the results show that both
the normal and anomalous self-energies due to the in-
teraction between electrons mediated by spin excita-
tions exhibit the well-pronounced peak-structures at all
around EFS except for at the hot spots, where the peak-
structures are predicted to be absent. In particular, the
peak-structure in the normal self-energy is mainly re-
sponsible for the PDH structure in the single-particle ex-
citation spectrum, and can persist into the normal-state,
while the sharp peak in the anomalous self-energy gives
rise to a crucial contribution to the SC gap, and vanishes
in the normal-state. Furthermore, these peak-structures
in both the normal and anomalous self-energies evolve
with doping, with the peak in the anomalous self-energy
at around the antinode region that moves to higher ener-
gies as the doping concentration is increased in the under-
doped regime. More specifically, these peaks have a spe-
cial momentum dependence, where although the weight
of the peak in the normal self-energy is gradually reduced
when one moves the momentum from antinode to node,
the position of the peak moves to lower energies.
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